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Let M be a matroid on base set E = {ey,...,e,} with associated lattice of
flats L(M). Matroids are generalization of vector configurations or hyperplane
arrangements that encode independence combinatorially. Several constructions
of algebras associated to hyperplane arrangements can be defined purely in
terms of the lattice of flats and thus extend to all matroids. In this talk, I will
survey the Koszul property for the following four Q-algebras:

1. The Orlik-Solomon algebra of M, denoted A(M) is

/\Q<y17 s 7yn>

AM) = (O(yc) | C is a circuit of M)’

where C' = {yi,,..., i, }, yo = H§:1 yi; and O(yc) = Z§:1 Yiy 27; T

2. The Graded Mobius algebra of M, denoted H (M), is the commutative
Q-algebra

HM:= @ Qur

FeL(M)
having the elements yr for each flat F' of M as a Q-basis, with multipli-
cation defined by

yrva, ifrank(F V G) = rankF + rankG
Yrya =

0, otherwise.

3. The Chow ring of M, denoted CH(M), is
CH(M) := Sy /(Lys + Lar),

where
Sy = Q[zpr | F is a nonempty flat of M],

and I,, and J,, are the ideals:
Ly = Qiepar i€ E)

Jy = (xpze | F, G are incomparable, nonempty flats of M).



4. The Augmented Chow ring of M, denoted CH(M), is
CH(M) := Sn/(In + Jur),

where
SM = Q[yi7:1cp | 1€ E,F S E(M) N {E}],

and Ip; and Jys are the ideals
It = (yi = Yigr r |1 € E),
Jy = (xpze | F, G incomparable ) + (y;ap |1 € E,i ¢ F).

In the case of a representable matroid associated to a complex hyperplane
arrangement H C C¢, A(M) ®q C is isomorphic to the de Rham cohomology
ring of the complement C¢ \ | J ey H- Bjorner-Ziegler and Peeva showed that
A(M) has a quadratic Grobner basis if and only if £(M) is supersolvable. Thus
if L(M) is supersolvable, then A(M) is Koszul while the converse is still open.
For a graphic matroid M (G), L(M(G)) is supersolvable if and only if A(M(G))
is Koszul if and only if G is chordal by work of Stanley.

The other three algebras are newer and all play a roll in the recent resolution
of the Dowling-Wilson Top Heavy Conjecture by Braden et. al.. Matroeni,
Peeva, and the author showed that H(M) has a quadratic Grébner basis if
and only if M satisfies a condition called T-chordality. For graphic matroids,
we show that quadracity H(M(G)) is equivalent to G being chordal, however
there are chordal graphics for which H(M(G)) is not Koszul. We show that
if H(M(QG)) is Koszul, then G is strongly chordal, and we conjecture that the
converse holds, but this is still open. We prove the converse for several classes of
strongly chordal graphs including proper interval graphs and threshold graphs.

The Chow ring and Augmented Chow rings are known to satisfy the Kéhler
package; namely, they have Poincaré duality and satisfy versions of the with
versions of the hard Lefschetz and Hodge-Riemann conditions. In particular,
they are artinian, quadratic Gorenstein rings. Dotsenko conjectured that the
former was Koszul. In joint work with Mastroeni, we proved Dotsenko’s conjec-
ture for all matroids using a filtration argument. We also show all augmented
Chow rings of matroids are Koszul.
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