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This talk is based on [5]. The paper [5] combines the content of preprint [4] with the content
of this talk.

The studies on singularities in mixed characteristic have been rapidly developed in recent years
(for example, see [7], [2]). The main tools of these studies are big Cohen-Macaulay algebras and
perfectoid rings, which are classes of non-Noetherian rings. Hence we can not usually compute
various invariants appearing singularities in mixed characteristic. To find typical examples that
we can compute their invariants is a very important problem of commutative ring theory in mixed
characteristic. To give one solution to this problem, we have studied the ring-theoretic properties
of local log-regular rings. The class of local log-regular rings is defined by Kazuya Kato in [6] to
develop the theory of toric varieties without bases. The advantage of this class is to have properties
similar to those of toric rings though it can be defined in characteristic-free.

In this abstract, a monoid means a commutative semigroup with unity. We denote its binary
operation by + and the unit of a monoid by 0. For a monoid Q, we define Q%P as the group whose
elements form x — y where z,y € Q. We also define Q* as the group of units of Q. Here we
introduce the log-structure of commutative rings.

Definition 1. Let R be a ring, let @ be a monoid, and let a : @ — R be a monoid homomorphism
where we regard R as a multiplicative monoid. Then we say that the triple (R, Q, «) is a log ring.
Moreover, a log ring (R, Q, a) is called local if R is local and o= *(R*) = Q*.

Definition 2. Let (R, Q,«) be a local log ring, where R is Noetherian and Q= Q/Q* is fine and
saturated. Let I, be the ideal of R generated by a(QT). Then (R, Q,«) is called a local log-reqular
ring if the following conditions are satisfied:

1. R/1, is a regular local ring.
2. The equality dim R = dim(R/1,) + dim Q holds.

One of the main tools for exploring properties of local log-regular rings is the structure theorem
which is an analogue of Cohen’s structure theorem. In addition, local log-regular rings have good
ring-theoretic properties such as Cohen-Macaulayness, normality, and so on.

Here, we state the main result of this talk. Our main result is that the divisor class group of
a local log-regular ring is isomorphic to that of the associated monoid. We omit the definition of
the divisor class group of an integral monoid in this abstract because it can be defined in the same
manner as that of an integral domain.

1We sometimes denote a log ring by a: R — Q to be aware of the structure morphism.



Theorem 3 (cf. [3, Corollary 12.6.43] or [4]). Let (R, Q,«) be a complete local log-regular ring.
Then the monoid homomorphism « induces the group isomorphism

C1(Q) = CI(R) ; cl(p) — cl(pR).

Theorem 3 is already proved by Gabber and Ramero in [3], but they proved it by a method in
algebraic geometry, not commutative ring theory. In contrast, we prove it using only commutative
ring theory. Combining the isomorphism Cl(k[Q]) = Cl(Q) due to Chouinard [1] with Theorem 3,
we obtain the following corollary.

Corollary 4. Let (R, Q,«) be a local log-regular ring, and let R be the completion of R with respect

to the mazimal ideal. Then Cl(R) is isomorphic to Cl(k[Q]) where k is any field, namely, C1(R) is
finitely generated.

In our talk, we begin to introduce basic properties of local log-regular rings which have been
proven, and give examples. After that, we give the sketch of our proof of Theorem 3.
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