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Aim of the talk

Explain some ideas to study face numbers of
high dim Triangulated mtds that comes from qlgebigic Tools

& HM (apology)

I will not talk about “Sthler)?eisne\r 1‘neor7'

1\ Quick intro. to
Tace numbers of friangulated mid.

Main theme of this talk

[roblem Fix q mtd M. Find nice boands
Tor Tace numbers of friangulations of M.

Related Problems
@ How many vertices do we need To Triangulaie q mfd,
More precisely determine 5 (M):= min{F(a) | A triangulates M)
(D Can we defermne
Y (0,n) = mag{ Fi(8) |A1s an n-verfex Triang, of 1)
() Gn we determne
£M°(0,n) = min {Ti(Q) 215 an neverfen Triang. of 1)

Set up
@ N 3 (finite abstract) Simplicial complex
@ f;(a) = num, of A-dim Taces of A

f(a) = (fo(8), fi(2), ., Ta(2))
@ A is a triangulation of X

4T-dzdm N

=] IAI g‘mo X 1013 geomefrif ‘
realizqtion
P— =
i I &— this triangulation
in ~

@ > T T = T T 9 vertices

st g = == 2N edges
15 triangles

@ M S Connected closed mid adwitfing a Triangubdtion | 5o £(a) = (9,20,3)

Low dim case o 2-mids (surfaces)
hy ?
@ M2 comected closed surface ‘ %f £5)
- : - =T, Iy
D N Triangulation of M p bt ) 12
7 T(a) = (fo, 30nt) alfewen)) | O f-Rrfizam
©3f, = 2f,
Theorem (Ringel 1955, Jungerman-Ringel 1980))‘)r Heiod
If M is a closed surface with M # Sa, No, N3, then -

inequqlity
mingar o fo—3 _
15 D) = mm{fo ! ( 2 ) = X(M))} 4t means connected sum

9 coples

® Sa":'f (S = ($'%$)# (Sx$ )« % (5%5') 6 3
dep (s'x5')3 (5'x$')

® Ny Z(RP)™

Low dim case ¢ 3-mfds

@ M2 connected closed 3-mfds
@ [5 Triangulgtion of M

2 £(a) = (fo, T, 2-), 1-1,)

T(2) only depends $o(4) and £,(0)
(this is qlso true for 4-mids)
[E] Can we determmne To'(M)?
=) somefimes possible but usually very Rard

ex fo"(sxs)= 10, fo(545%) =11, £5 (RP*)= |1,
To" (S55'5' )= 52 (probably open)

 why2

Gfo‘f.'fﬁ‘f; 0
o lf.x = 4f3

Low dim case ¢ 3-mfds
@ M: connecteq closed mfd of dim 423

Thm (Walkup 1970, Swarrz 2009)
-[?'"" (M n) = (") tPronuo

Thm (Novik -5wartz 2009)
™ (M) 2 @t + (48 (B, (M)-1)

¥ Bi(M) = ith Betti numbers computed over =7,




Complete description
ACOMPIefe description of f(a) is obtained for Tollowing mds
® S §s, S xs', RP® (Walksp 1110)
@ (3‘#‘”‘7 93)(5', CP*  (Swartz 200)
@ $Xs'  (Chestn-Spw-Swarts L00%)
@ (s*x¢1** and ($*X§)"" for swall b
(L‘lfl - Sulanke - Swartz 200 9)
Billerg-Le= 1951 Guiticienc,)
) $”’ foramd2 (Smnle)v 1940 )

Adiprasito 101% (necesm,)
Papadakis- Petrotoy 2020

How we study Tace numbers of mfds?
— W
7 For surfates, we onhy need fo comsider fo-

[ For 3 amd 4-mfds, we need o considey “ %, £/
In particalar, it is tmportant To undevstar
f:"‘(M), " (Mn), £ (Mn)

7 For mids of dimd25,
we need To undevstang "o f, v, Tide)

@ How we Can study this}

2. Face numbers of higher dim mids

I(’qul'

explain an ideq to study f(a) of Rizh diw
triangulqated mfd O that comes from alsebric stud,
(but Twill net go into algebrq)

the case of a sphere
A3 friangulation of ™
Define Gol8),3,(2), w , 312i(2) by
3.(2) = Rla) —hja(2)

(Fen——
Knowing &, nunbers
i equivalent to
knowing 9 hubers

the case of a sphere

We want fo under stand T(a)?

Point )
> But “Fa)" is not a right object To shdy -

Def A:T?‘iqhgwhfion ot 5"
Define {Q(A),f\l(m’ ", {\,, (&) |,7

By

we set
b ol ol L =
halay= 2 e (f)fala) | B0 | F=(6n9)
: U
These “\"~ numbers have the Tollowing properties 4= (ho Iy, bhy)
© Knowing £(8) v, Tyla) 18 equivalent To Ro(8), 1, $a(e) =(1,3,3 0

@ hil8) =hy,(a)

<h < <Ra, 2w > Stanley, Adiprasito,
@ ho hl LR4IZ Y —hd ( PqpqdqlkirPaTroTou)

(Defn—=Sommervite equation)

the case of mfds
(o) and Q(A)" are not right obgect To sTudy

&Xqwple

This tas

d-Theorem (Bilieva-Lee, Stanley, Adiprasito, Papadakis -Petroy)
9= (%=1,%, 3141 8 seq. of non-negotive infegers, TEAE
(1) Friangulation A of SHst. 9,2 9,(6) forall b
(2)  homogeneous ideal TCS=RIXyw g1 st
%h: d]mk (s/l)h ‘forqll h.
?

Homogeneous
component of degree b

Ay

£=(611,%)
U
‘,\, :(holhllhll hs)

:“13/3. 1)

U
9=11,2)

fa)= (9.20,1%)

o
xMIZLS {=(|/€)|l/_')

1Y

@ Maybe there 15q betfey obgect to sTudy

the case of mfds
A3 Triangulation of a conected closed b-)-mfd M
Def Define 44 (8) K(a), w, R (a) by

he(2) = 2 (0)=(4) (2., 0™ Bya )
Lid
£xXfinple £a)= (920,15)

AR
O
[Vl U

4

|
N ~ =k -2x(0,0,3-1)

= (46,6,1) & Symmetric O

the case of mfds
A3 Triangulation of a conected closed b-)-mfd M
Def Define 44 (8) K(a), w, R (a) by

U Al d = T
ha (2) = (6) = (3) (&, ™ By ()
bid
These W~ numbers Aave the Tollowing properties

O© Knowing (a), v, (a) 18 €guivalent o Lol w, ¥10)

® &(A) = h’(‘.A(A) (Novik 1995 (essentially Klee 1964))

Y/,
@ Wy < |r'(|£ ™ ﬁ'K/L{.\ 2w lhllq (Ad|yrq$iTo-Pqpqquis-R-.Trorou)

202)

= Assuming thar
/ we know B (M)




the case of mids
A3 triangulation of a connected closed bH)-mfd M
Define o), %,(8), w, §14,(8) by

%u(8) = hol0) -4, ()-8 (£, 0™ B

Thim (M-Nevo 2014 (+ APP))

There 15 4 homogeneous ideal JCS=RI%g)st,
(1) §.(8) = dimg (55) for al A
(1 dimp Iy, Z () Bia (1)

Remar k

g‘l( # ‘R‘IA/- .,"Il{l—l

AfP e

Adiprasito 205,

Papadakis
~Petyoroy 2020

Buick summery
7 For Triangulations A of S"',' we thik that  h-puwbers
Fnumbers  befave much nier than T(8)
3= d‘.mg(%-_)h forall b *Iaideal of S=RDx,xg)
Foyr Triangulations & of o (H)-ntd |, Trom an algebmic view poins
N-numbers and G-humbers look To be right object 1o S7ud,
@ 3,= ding (¥ ), Torall b

3 a i | fS: [l\n,
@ dingT 2 (4) b (M) o Ty

Applications of algebraic,_ideas

/—\PP“ cqtions of qlgebrgic _ideqs

conécc'ruye "\eqmng

we
need this

combinaora)
problems

[~ originall, [~ originall,
A generali zation of Heawood inequality (Nowk-swarfz 1009) conge cfured A generali zation of Heawood inequality ('i",l',‘;}mm low) Cconjectureq
i +APP by ki ] [ by kthne |
If Ais a Triangulation of g connected closed (d-1kmid, thes T If Ais a Triangulation of g comected closed (d-)-md, thes
g 5 : [Rerm| there 1s £ la)—d-2-r d+H - dni
(ﬁ“" \‘: ) 2 () By a) (r<) ro% vsun ( e T 2 (N Bt ) i)
Note
The r=2 case of the thm is applied To show PF) We know *Jc =R xg1 5+ CIEE S
£ (s M )=n) o (5 )mz) =1o| ‘Q;miﬂhmgﬁi;—);_ ;
| _ = Foiy L (-d2tr
BB s 8 (F)hle) € g, Ty £ gy (B17)= (47
( Buvfon— Dartq ~5ihgk-5preey 201%)
Appli cations of algebrgic ideqs Wheh €quality Rolds?
PP g >
MG connected closed d-mid (This 1s @ stafement| M3 connected closed d-mid
that I introdyced a I .
Thm (Novik -5Swartz 2009) In quirh 1° il [\% a Triangulation of M
T (M) 2 @n + (45 (e, (M)-1) Thm (M-Nevo 1014 TAPP)
( & §Y(A)'— 0 = B.(a)=0 for b#0,r-1,d+,d
This is essentially 9,(8)20
iy i i i a9 a =D
The theorem is applied to get g complete @ Equality in Generalized Heavood inequaldty for - < 9y (a)
s #h
c‘?:cherlmhon of face numbers of (5'x5') @MAWWIWR" of Heawad inequlty bng 4.2 p)
r smoll b mght be sharp only for very special mid like (S's*)*®
Summary and Problems Some problems (that T am interested in)
D T explained that F-nanbers ook to gire Face numbers of $¥'x¢' (ana §%x¢')
s 29
a right object fo study face numbers of mids 5 We Kb Tall fotsiblel T Fore vianbio s of ¢d g,
@ 4-humbers works well for (5%46')"™ (probably also for (545)™) @ We qlso know T ( §9%4'n) 9mnbgnfms
d . )
but we probably need hew ideas for wids like RP‘,T=$K‘-6 —
For qlgebraisTs @ Can we detfermine ﬂ (5 kS, ) :
Motivation
hice Find its eed back My cony *Tes = Binxg]
combing forig | —e ﬂlgebrqic —b o __L_. B

(1) Gre*(sHxs', n ) £ dimg ( Rm’“’lg‘]/@r 1 X gl k

@ & (0)=dmg 5,
(VR 2% ce (0 =dmg (RO, ) 0 (%)

@ dwJ, 2 ()P,

max is giren by
T2 00, Xen)




Some problems (that T am ivferested in)

Face numbers of d-torus TI=5'%w x§'

On triangulation oF T*, we Pave an inferesting cong,

Cong. (Luta) 3% (74) = 2™ Ron %" s kaown

Can we give q good guess on f:m (t%n)
or 4" (T%n)?

Thank you Tor your atfention I

Some problems (that T am ivferested in)

Simplicigl cell complex

@ A simplicial cell complex is a regular CW cpx sit.
the boundary of each cell is combinalorially isom. To the boundary of a Simplex

@ W-numbers look To be o right object To $Tud,
® Omlete charclerization of tla) s S* , R, S'ks?, i (srqn|e7ql, Masuda 05, M13)

[B] f42@+)! for d-torus T=5%8'x xS

F-4f,16222  for Fforus ?
LFaREEE
hyZ 4




